The Kepler satellite has provided photometric timeseries data of unprecedented length, duty cycle and precision. To fully analyse these data for the tens of thousands of stars observed by Kepler, automated methods are a prerequisite. Here we present an automated procedure to determine the period spacing of gravity modes in redgiant stars ascending the red-giant branch. The gravity modes reside in a cavity in the deep interior of the stars and provide information on the conditions in the stellar core. However, for red giants the gravity modes are not directly observable on the surface, hence this method is based on the pressure-gravity mixed modes that present observable features in the Fourier power spectrum. The method presented here is based on the vertical alignment and symmetry of these mixed modes in a period echelle diagram. We find that we can obtain reliable results for both model frequencies and observed frequencies. Additionally, we carried out Monte Carlo tests to obtain realistic uncertainties on the period spacings with different set of oscillation modes (for the models) and uncertainties on the frequencies. Furthermore, this method has been used to improve mode detection and identification of the observed frequencies in an iterative manner.
INTRODUCTION
Red giants are evolved stars which have a hydrogendepleted core surrounded by a hydrogen-burning shell. Further evolved red giants also burn helium in their core. Although the structure of red giants is broadly understood from the theory of stellar structure and evolution, several important questions remain, such as the mechanism of convective heat flow, nuclear processes in extremely dense material, and transport of angular momentum through differential rotation. Several recent studies have indeed focussed on these questions using the techniques of asteroseismology which is the study of stellar oscillation frequencies.
Among the recent results obtained are the detection of signatures from the core through so-called mixed oscillation modes (Beck et al. 2011; Bedding et al. 2011; Mosser et al. 2012a Mosser et al. , 2014 and theoretical explanations of these modes (Christensen-Dalsgaard 2008; Dupret et al. 2009; Montalbán et al. 2010; Christensen-Dalsgaard 2011) . These mixed modes are subsequently used to probe differential rotation in the stars (Beck et al. 2012; Deheuvels et al. 2012 ; Mosser et al. 2012b ; Deheuvels et al. 2014 ). Efforts to fully incorporate rotation and angular momentum transport in stellar evolution models have been made, but these results do not yet provide results consistent with observations (Ceillier et al. 2013; Goupil et al. 2013; Marques et al. 2013; Ouazzani et al. 2013; Goupil et al. 2014; Cantiello et al. 2014 ).
In general, there are two main sets of solutions for the equation of motion of a pulsating star and these lead to two types of pulsation modes: p-modes and g-modes (for a detailed discussion on these, see Chaplin & Miglio (2013) and Hekker (2013) ). Due to the large density gradient outside the helium core, a red giant is effectively divided into two cavities. In the envelope, the non-radial oscillations behave as p-modes, while in the core they behave like g-modes.
The models predict a very dense spectrum of these so-called mixed modes for each value of l (except l = 0). Details about mixed modes and resonant coupling between the two cavities in red giants have been described by Bedding et al. (2011) and Hekker & Mazumdar (2014) . The resonant coupling causes some of the mixed modes to have a high amplitude in the envelope and these are called p-dominated mixed modes. Theoretically, the oscillation modes in red giants can be characterised by the dimensionless mode inertia, E, which is a measure of the energy in the mode (see, e.g., Aerts et al. 2010) . The non-radial modes, in general, have much higher inertia compared to the radial ones, except for the few p-dominated mixed modes in each radial order which possess inertia of the same order of magnitude as the radial modes. This is shown in Fig. 1 for a 1M red-giant model at an age of 12.5 Gyr in the shell hydrogen-burning phase (Model 2 in Fig. 7 ). The details of the model can be found in Section 3.1. For the sake of clarity, we show only the radial (l = 0) and dipole (l = 1) modes in this figure; the higher degree non-radial modes (l > 1) will have similar behaviour as the dipole modes, though the exact distribution of mode inertia depends on the evolutionary state of the star. The modes with the highest inertia in each radial order are the g-dominated ones, with very little amplitude in the p-mode cavity. Observationally, only the modes with low inertia attain significant heights in the power spectrum and can be detected (Dupret et al. 2009 ).
The g-modes are approximately equi-spaced in period (denoted by Π) with an asymptotic value of the period spacing, ∆Π l,g , being given by ∆Π l,g = Π0 l(l + 1) (ng + g ) ,
where
N being the Brunt-Väisälä frequency. The integral is carried out over the g-mode cavity. This equal spacing in period holds for the underlying pure g-modes in the core, as referred to as γ modes by Aizenman et al. (1977); Bedding (2014) . In reality, this period spacing would be found in the most g-dominated modes (at the inertia maxima in the top panel of Fig. 1 ), while the modes with p-dominated character will have a smaller spacing in period. This is illustrated in the bottom panel of Fig. 1 , where the dips in the period spacing correspond to the minima in the inertia, while the g-dominated modes maintain a period spacing very close to the asymptotic value given in Eq. (1). In Fig. 2 (a), the frequencies with azimuthal order m = 0 of a 1M red giant model at an age of 12.6 Gyr (Model 3 in Fig. 7 ) are plotted as a function of the period spacing ∆Π1. The vertical ridge in this figure represents the value of the g-mode period spacing, ∆Π1,g, while the p-dominated modes have much smaller values of ∆Π1. We do not expect a ∆Π1,g value higher than the asymptotic one, and the only case where one can find such a value in the observations is when one or more intermediate non-radial modes have not been detected between two observed peaks in the power spectrum.
If the frequencies of the l = 1 modes are plotted as a function of Π1 modulo ∆Π1,g (Π1 being the period of l = 1 modes), one can expect a vertical alignment of the l = 1 modes with the same azimuthal order (see, e.g., Bedding et al. 2011) . Such a diagram, known as the period echelle diagram, is shown in Fig. 2(b) for the same stellar model as in Fig. 2(a) . The almost vertically aligned modes in this diagram are the g-dominated dipole modes. The modes placed away from this vertical ridge are more mixed in character, with the most extremely deviant ones being the most p-dominated modes. At low frequencies the ridge becomes curved as a result of the difference between the period spacing obtained asymptotically and from individual frequencies in the observable frequency range.
The g-mode period spacing of red giants can be used to distinguish between their evolutionary phases, i.e., shell hydrogen-burning and core helium-burning, as shown by Bedding et al. (2011) . In their work the vertical stacking in the period echelle diagram was shown to give the gmode period spacing, although no quantitative formulation to determine ∆Π1,g was given. In the present work we describe an automated technique to determine the g-mode period spacing by recognising the vertical stacking of the gdominated modes and the roughly symmetrical deviation of the p-dominated modes from this vertical ridge in the period echelle diagram.
The asymptotic value of the g-mode period spacing, obtained from Eq. (1), is usually slightly higher than the actual value obtained from the frequencies of the model. For the particular model shown in Fig. 2 , for example, the asymptotic value of ∆Π1,g is 62.15 s, while the value obtained from the frequencies is 62.05 s. This slight difference is a reflection of the validity of the asymptotic treatment. In any case, this difference is much smaller than the uncertainty in ∆Π1,g that would be introduced by the random uncertainties in the measurement of the stellar frequencies. Thus, an estimate of ∆Π1,g from observed frequencies can be considered as a reliable approximation to its asymptotic form as given by Eq. (1). 
G-MODE PERIOD SPACING FINDER (GPS)
The period echelle diagram for red giants, using only oscillations with m = 0 as shown in Fig. 2(b) , has two important features, namely, vertical alignment of the g-dominated modes and the roughly symmetrical deviation of the pdominated modes from this vertical ridge. The inertias of the g-dominated modes are much higher and their amplitudes and heights in the observed power spectrum are correspondingly lower (Dupret et al. 2009 ). This means that only modes with lower inertias, i.e., modes with sufficient amplitude in the p-mode region can be observed in the actual data even with the best available instruments like Kepler. The period spacing of these observed p-modes (∆Π l ) is much smaller than those of the g-dominated modes (∆Π l,g ). However, it is ∆Π l,g which has diagnostic power to probe the innermost layers of the star through the asymptotic relation discussed above. Therefore, a method to determine ∆Π l,g from ∆Π l is of considerable interest. For l = 2 and l = 3, only the most pdominated modes are usually visible, if at all, which makes it difficult to draw any inference about the period spacing. For l = 1, however, several mixed modes can be detected around the most p-dominated modes. Even though the period spacing of these modes is far different from the period spacing of the g-dominated modes, they contain information about the deep interior through the coupling between the outer and inner oscillation cavities. It turns out that it is possible to exploit the underlying vertical alignment pattern of the period echelle diagram to estimate ∆Π1,g reliably from these p-dominated mixed l = 1 modes. Indeed, the g-mode period
spacing for a few red giants was determined by Bedding et al. (2011) by demanding such a vertical alignment in the period echelle diagram. However, they do not provide any standard prescription to determine ∆Π1,g from an observed set of frequencies. Mosser et al. (2012a) further developed this using an empirical approach to find p-and g-dominated mixed dipole modes combined with an asymptotic development to obtain the asymptotic period spacing based on work by Shibahashi (1979) and Unno et al. (1989) . This development is based on the fact that eigenfrequencies are derived from an implicit equation relating the coupling of the p and g waves:
where θp and θg are the p-and g-wave phases. The dimensionless coefficient q indicates the level of mixing (Mosser et al. 2012a ). This was then used to derive an expression for dipole mixed modes coupled to a pure pressure dipole mode (ν np,l=1 ):
where g is a phase term (Mosser et al. 2012a) . Eq. (4) is essentially the mathematical expression of the tangential shape of the mixed dipole modes in each p-mode order, in which the coupling q is connected to the steepness of the "S"-shape and g represents an offset. In the work presented here, we construct an algorithm to find ∆Π1,g in a systematic search method that achieves the vertical stacked pattern in the period-echelle diagram as indicated by Bedding et al. (2011) . This algorithm is called 'GPS'. GPS has been tested on both stellar models as well as actual observed frequencies of red-giant stars observed with the Kepler satellite. The algorithm is described in detail in the next subsection. Although we do not use the function derived by Mosser et al. (2012a) (Eq. (4) ) in GPS, we have performed tests to verify our results with such fits. In all cases we obtain consistent results.
Algorithm
As can be seen from Fig. 2 , the l = 0 and l = 1 frequencies of a red giant, if arranged in increasing order of frequencies, appear as a dense spectrum of the dipole modes with a few radial modes separating them at regular intervals. This feature is used by GPS to separate the entire range of l = 1 modes into sets referred to as "bands". A band is a set of l = 1 modes lying between two consecutive l = 0 modes, i.e., one p-mode order. The horizontal dashed lines in Fig. 2 are the boundaries of the bands. For observed spectra, of course, the number of dipole modes in a band is much less than that for a model.
The g-dominated dipole modes of high order are equally spaced in period. Thus for a correct choice of the period spacing ∆Π1,g to construct the period echelle diagram, these g-dominated l = 1 modes in a band would align to form a nearly vertical central ridge. Since each band is bordered by two radial modes, the presence of an underlying l = 1 p-mode is expected around the middle of the band. This mode would give rise to a few p-dominated mixed modes which would be farthest from the central vertical ridge of the band. In moving from one radial mode to the next, a horizontal "wrap around" is thus expected in the period echelle diagram. The presence of such a shift from the extreme right to the extreme left is considered as a necessary condition for a band to be considered for vertical alignment.
Usually the mixed p-dominated modes are expected in a short frequency range centred around the underlying l = 1 pmode. This would imply that these modes would be approximately at equal distances from the central ridge in the period echelle diagram, creating symmetrical upper and lower tails of the ridge, i.e., this symmetry reflects an implicit assumption of g ∼ 0.5. However, this symmetry is not perfect as the frequencies of the mixed modes would depend on the exact frequencies of the underlying pure p-and g-modes as well as the extent of mixing on either side of the central mode.
Therefore, ideally at the correct value of ∆Π1,g in the period echelle diagram, all the bands should align vertically to form the central ridge with the mixed p-dominated modes forming roughly symmetrical tails on either side. Since the g-dominated modes also have mixed character, the central ridge in the bands are not perfectly vertical but form a "Sshaped" structure with long tails as seen in Fig. 2 . The aim is to obtain this alignment pattern in the period echelle diagram by scanning through possible values of ∆Π1,g and choosing the correct value which achieves such a pattern.
The algorithm implemented by GPS consists of the following steps to arrive at the correct g-mode period spacing value. The abscissa of the period echelle diagram is henceforth denoted by Πr ≡ Π1 mod ∆Π1,g ≡ Π1%∆Π1,g.
(i) Lower frequency threshold : The asymptotic period spacing given by Eq. (1) is valid only for high order g-modes. At low frequencies, the modes have even higher orders compared to the modes that are in the observable frequency range and hence would give a period spacing based on individual frequencies closer to the asymptotic value. As only modes in the observable frequency range are considered here, the difference between the period spacing obtained from individual frequencies and the asymptotic value is manifested as a curvature in the period echelle diagram, as seen in Fig. 2 . To account for this a lower threshold on frequency is necessary before GPS can be applied. However, it is difficult to arrive at a specific threshold frequency in an analytic fashion. Different criteria for the lower threshold were tried for a large number of models spanning the entire red-giant branch (RGB) and the following prescription was adopted heuristically:
7.5 µHz, for νmax < 15 µHz 0.5 νmax, for 15 µHz ≤ νmax ≤ 160 µHz 80 µHz, for νmax > 160 µHz
Successful tests with several observed stars confirmed this choice.
(ii) Band Identification: In the period echelle diagram, a band refers to the l = 1 modes (points in Fig. 2 ) lying between two successive l = 0 modes (dotted lines in the same figure) . The bands are indexed starting from the lowest frequencies to the highest ones. For a band to be considered for the vertical alignment, it has to satisfy two conditions. First, the Πr for the highest frequency of a band must be less than that for the lowest frequency of the band immediately above, i.e., the Πr value increases from the top end of one band to 
∆Π 1,g = 73.26 s the bottom end of the next band. Second, one and only one nearly horizontal shift between the two most p-dominated modes in a band, i.e., from the extreme right to the extreme left of the period echelle diagram should be present. Any band which does not satisfy these two conditions is not used in the vertical alignment in the period echelle diagram. GPS proceeds to the next step only if the number of bands which do not satisfy these conditions is less than or equal to two. (iii) Vertical Alignment: This step quantifies the vertical stacking of the central g-dominated l = 1 modes in the period echelle diagram for a given trial value of ∆Π1,g. This is done by first estimating the position of the most g-dominated mode at the upper boundary of each band in the period echelle diagram and then calculating the dispersion of these positions for all bands from an average vertical ridge. This dispersion would later be minimised to obtain the correct value of ∆Π1,g.
The location of the most g-dominated mode at the upper boundary of each band is estimated as follows. At the upper boundary of a band (say, the i th band), the weighted average value of Πr of the highest dipole mode in that band (denoted by the index (i, h)) and the lowest dipole mode in the next band (denoted by the index (i + 1, l)) is calculated. These two l = 1 modes are the immediate neighbours of the radial mode separating the i th and the (i + 1) th bands (denoted by ν
). For observed frequencies, the differences in frequency between each of these l = 1 modes and the radial mode between them can be significant and may not even have similar values. To account for this difference in frequency we incorporate a weighing. The weights are taken as the differences in frequency between the respective l = 1 mode and the neighbouring l = 0 mode. The weighted mean thus calculated is an estimate of the Πr value of the (possibly unseen) most g-dominated mode at the boundary of the two bands. It is denoted by Π (g,i) r for the i th band and is calculated as follows:
and 
where δΠ
and the total number of accepted bands is N . Here, δΠ
2 , where δν refers to the uncertainty in the observed frequencies. We have not considered the uncertainties in the weighing factors y (i) and y (i+1) . Among all trial values of ∆Π1,g, higher priorities are given to the cases with lesser number of unacceptable bands. Minimisation of χ 2 vert alone among the cases with lowest number of unacceptable bands would give the best vertical alignment of the bands. In Fig. 3 , in both period echelle diagrams, there are no unacceptable bands and a vertical alignment has been achieved.
(iv) Symmetrical distribution: As described before, besides the vertical alignment of the g-dominated modes to form the central ridge, a nearly symmetrical distribution of the p-dominated modes is also expected around the central ridge in the period echelle diagram, i.e., g ∼ 0.5. This symmetrical positioning of the tails on either side can be seen in both the period echelle diagrams in Fig. 3 . This criterion is implemented in GPS in the following way. The arithmetic mean of the two extreme p-dominated mode frequencies on either side of the central ridge in the i th band is l=1 ) of the period echelle diagram in the i th band respectively. These are the frequencies between which the "wrap-around" mentioned earlier occurs in the i th band. For a correct choice of ∆Π1,g these modes should be the most p-dominated modes in the i th band, lying on either side of the underlying pure l = 1 p-mode. The Πr value of this underlying pure p-mode would be close to either 0 or ∆Π1,g on the period echelle diagram, that is, it would be farthest removed from the pure g-modes which constitute the central ridge. Therefore, the two most p-dominated modes would be at the two extreme ends of the period echelle diagram and the average of their Πr values, Π On the other hand, for a wrong choice of ∆Π1,g both these modes would be on the same side of the period echelle diagram and the value of Π (determined in the previous step) is calculated as
and δΠ
Minimising χ 2 symm alone in the same way as the minimisation of χ 2 vert gives the best possible symmetrical distribution around the central ridge in the period echelle diagram which can be seen in Fig. 3 .
(v) Final minimisation: To obtain the g-mode period spacing, we minimise the total χ 2 tot which has contributions from both Vertical Alignment and Symmetrical Distribution in a weighted manner:
where a is a weighting factor reflecting the emphasis on the Symmetrical distribution. It was found that a fixed value of a is not suitable for all stars and it has to be varied over the RGB to get a sensible estimate of ∆Π1,g. The idea of symmetrical distribution rests crucially on the assumption that there are two p-dominated modes with very low inertia lying midway between two radial modes. This turns out to be the case in the lower RGB, but not necessarily higher on the RGB. It was found that in the upper RGB a has to be very small. In the lower RGB a is restricted to 0.5 so that equal weightage is given to Vertical Alignment and Symmetrical Distribution. Different values of a were tried for a large number of models spanning the entire RGB and the following working relation for a was found heuristically. a = 0.0 for ∆ν < 1.65 µHz log a = A∆ν + B for 1.65 µHz ≤ ∆ν ≤ 12.50 µHz (11) a = 0.5 for ∆ν > 12.50 µHz
Here A and B are constants which can be determined to be A = 0.1566 µHz −1 and B = −2.2584 from the heuristic exercise. Such a choice of a was found to be appropriate for several observed stars as well.
As mentioned earlier, highest priority is given to the cases with least number of unacceptable bands. Thus the final value of ∆Π1,g is the one which minimises χ 2 tot among all the cases with least number of unacceptable bands.
In the remainder of the paper we show the application of GPS on red-giant models, as well as observed stars, to successfully determine their g-mode period spacing ∆Π1,g along with estimates of uncertainties in the results.
APPLICATION OF GPS
3.1 Finding ∆Π1,g of models with GPS Since the full model frequency spectrum includes the gdominated modes, the determination of ∆Π1,g is much more straightforward than in observed spectra. In fact, these modes influence the vertical alignment procedure very strongly, while the p-dominated modes play a dominant role in the symmetrical distribution. To illustrate the procedure of GPS a 1 M red giant is considered using all the calculated eigenfrequencies.
All the models considered in this work have been constructed using the MESA stellar evolution code (Paxton et al. 2011, version 4798) . The models used standard physics such as the OPAL equation of state (Rogers & Nayfonov 2002) , OPAL high temperature opacities (Iglesias & Rogers 1996) supplemented by the low temperature opacities from Ferguson et al. (2005) . The nuclear reaction rates were from NACRE (Angulo et al. 1999 ) for all reactions except 14 N(p,γ)
15 O and 12 C(α,γ) 16 O, for which updated rates of reaction from Imbriani et al. (2005) and Kunz et al. (2002) were used. Convection was modelled using the standard mixing length theory (Cox & Giuli 1968) . Diffusion of helium and heavy elements was not included in the models. We used the standard solar mixture of Grevesse & Sauval (1998) . Adiabatic pulsation frequencies of the models were computed with the ADIPLS code (Christensen-Dalsgaard 2008) . Fig. 4 shows the step-by-step procedure followed by GPS. In each of the four parts, the period echelle diagram along with the total χ 2 (χ 2 tot ) is plotted as ∆Π1,g is varied continuously through trial values. In part (a) of the figure, the trial ∆Π1,g is less than the correct value. Although a number of bands are symmetrically distributed, they are not vertically aligned. In (b) the trial ∆Π1,g is very close to the correct value so that vertical alignment and symmetrical distribution are simultaneously achieved. The trial ∆Π1,g in (c) is slightly greater than the correct value so that the bands are nearly vertically aligned but not symmetrically distributed. In part (d) the trial ∆Π1,g is much greater than the correct value, and thus the bands are neither vertically aligned nor symmetrically distributed. Further, at this value one of the bands is unacceptable because there are more than one shift from the extreme right to the extreme left. The departure of the trial value from the correct value is reflected both in the high χ found to be 62.052 s by GPS, which agrees quite well with the asymptotic value of 62.149 s calculated using Eq. (1).
We applied GPS to a series of evolutionary models of masses 1 M and 1.5 M on the red-giant branch. The comparison of the values of ∆Π1,g with the respective asymptotic values from these models are shown in Figs. 5 and 6 . We tested the effect of both the total number of available bands and the number of modes available in each band on the results produced by GPS.
In the first test we used 5 bands around the frequency of maximum oscillation power, νmax, computed by the scaling relation of Kjeldsen & Bedding (1995) from the model, but varied the number of l = 1 modes in each band from 3 to 8. These modes were the ones with lowest inertia values in each band. We also tested GPS using all the available modes in 5 bands. The results of the comparison of the values obtained from GPS with the asymptotic values from the models are shown in Fig. 5 . In general, the ∆Π1,g values obtained by GPS agree very closely with the asymptotic values. Although the difference between the two increases as the number of modes in each band are decreased, for at least 5 modes per band, the ∆Π1,g value found by GPS is within 5% of the asymptotic value for almost all the models that we considered. Even with only 4 or 3 modes per band, GPS can find the correct value within this limit for models with ∆Π1,g values between 50 and 110 s.
In the second test we used only five l = 1 modes with the lowest inertia values in each band but varied the total number of bands from 2 to 7. As expected, the ∆Π1,g values are determined with higher accuracy when using a larger number of bands. The comparison of these results with the corresponding asymptotic values of ∆Π1,g are shown in Fig. 6 . Again, the values from GPS agree with the asymptotic values to within 5% for nearly all cases with at least 4 bands. Using only 2 or 3 bands we can still get values within this limit for models with ∆Π1,g greater than 60 s.
In general, we find that GPS can be reliably applied only to frequencies of models with log g values between 3.6 and 1.3 (see top left panel of Fig. 5) . We recommend that GPS should be applied to observed RGB stars only within such limits of log g.
Application of GPS on observed frequencies
For the observed frequencies, the number of modes available is much less compared to models. Specifically, the gdominated modes which constitute the central ridge of the vertical pattern are absent and only the p-dominated modes are present in the observed spectrum. However, provided that a few mixed dipole modes are present in the spectrum, GPS can successfully determine ∆Π1,g. Of course, the uncertainty of the estimated value reduces with the number of modes that are detected close to the vertical ridge. We elaborate on the uncertainties in more detail in Section 3.3. To illustrate the application of GPS to real stellar data, we show here the results of three red-giant stars, KIC 10200377, KIC 9145955, and KIC 5866737, observed by the Kepler space mission (Borucki et al. 2008; Gilliland et al. 2010 ) during its nominal operation. The position of these stars are shown on the HR diagram in Fig. 7 . The photometric timeseries were gathered during the first 12 quarters of the Kepler mission, where quarter 0 lasted for only 10 days, quarter 1 lasted for 30 days and all other quarters for nominally 90 days. This provided us with timeseries data of over a 1000 days length. We used observations with a 29.4-minute sampling. For more details about Kepler data and their treatment, we refer to e.g. Jenkins et al. (2010) ; García et al. (2011) . Fig. 8 shows the period echelle diagrams for these three red giants: KIC 10200377 with ∆Π1,g = 81.59 s, KIC 9145955 with ∆Π1,g = 76.98 s, and KIC 5866737 with ∆Π1,g = 68.51 s, respectively. In this figure, it can be seen from the left panels that most of the l = 1 modes in the observed spectrum have low values of period spacing and thus are the p-dominated modes. The g-dominated modes which have higher and uniform value of period spacing as seen in Fig. 2(a) are absent in the observed spectrum. Nevertheless, GPS is able to identify a value of ∆Π1,g which produces the expected vertical alignment of the dipole modes in the period echelle diagram, as seen in the right panels of Fig. 8 . A few of the observed modes have period spacing of nearly double the average value, which indicates that a neighbouring dipole mode has not been detected. Thus GPS can also help in flagging these missed modes in the power spectrum.
Estimation of the Uncertainties in ∆Π1,g
So far, we have described the application of GPS to either model frequencies or to observed frequencies without regard to their associated uncertainties. In observed data the uncertainties in the frequency values will affect the determination of ∆Π1,g through GPS. Also it is important to know the maximum permissible uncertainty in observed frequencies for which GPS can be applied reliably.
The effects of the uncertainties in the frequencies are considered by repeating the procedure carried out by GPS for 10000 realisations of the data, produced by perturbation of the frequencies by random values corresponding to a normal distribution with standard deviation equal to the given 1σ uncertainty in the frequencies. This approach is justified by the fact that only the frequencies of l = 1 modes which are narrow due to the high inertia are perturbed.
It is conceivable that for low values of the assumed uncertainty in the frequencies GPS would return values of Fig. 2 . The value of ∆Π 1,g determined by GPS is indicated at the top of each pair of panels. In the left panels of the latter two stars the large values of ∆Π 1 for a few modes indicate that a neighbouring l = 1 mode has not been detected.
∆Π1,g which are close to the actual value for a majority of the realisations. In the Monte Carlo exercise, this would be reflected in a single peak in the histogram of the ∆Π1,g values centred around the actual value. The median value of ∆Π1,g for all the realisations would be the estimated value and the width of this peak, measured in terms of 34% area coverage on either side of the median value, would be a fair representation of the uncertainty in ∆Π1,g.
As the uncertainty in the frequencies increases, however, other values of ∆Π1,g become likely and we get distinct multiple peaks in the histogram at discrete values away from the correct value of ∆Π1,g. In such cases, the overall median and the uncertainty based on 34% area coverage on either side of that value would not be a true representation of the situation. Instead, we have chosen to report the three most probable values and associated uncertainties along with respective probabilities. Graphically, these would be the three most significant peaks in the histogram with highest area coverage. Specifically, we define the peaks in the histogram as follows. The bin with the highest population is chosen along with its neighbouring bins till the value in a bin drops to below 10% of the maximum value. These bins together constitute the most significant peak. From among the remaining bins the one with the next highest value is chosen and the same criterion is applied to include its neighbouring bins. These bins together form the second highest peak, and so on. For each peak we provide the median value under that peak, its 1σ uncertainty measured in the way described above, and the probability, p, of that value, which is the fractional area under that peak.
This exercise was carried out with three red-giant models as well as the above-mentioned three observed red giants. The models are chosen such that they lie at different positions on the red giant branch and are labelled as Model 1, Model 2 and Model 3, respectively, in increasing order of their luminosities. All the models lie on the same evolutionary track of a 1 M star with solar-like chemical abundances (see Fig. 7) .
Since for models the entire theoretically computed frequency spectrum is available, we test GPS for a variety of cases with varying selection of frequencies and the associated uncertainties. The selection of frequencies was carried out in two ways. First, we have considered three different ranges of frequencies corresponding to 4, 5 and 6 times the large separation, each centred around νmax, i.e., we chose the range of frequencies to be νmax ± k∆ν, for k = 2.0, 2.5, 3.0. Second, we applied different cutoffs on the mode inertia to select a different number of g-dominated modes in the spectrum. Typically, we have created four sets: one with all the dipole modes (without any restriction on mode inertia), one with only three or four most p-dominated modes in each band (corresponding to an inertia cutoff close to the minima), and two others with intermediate numbers of dipole modes. Since the observed amplitude of dipole modes are related to the mode inertia (Dupret et al. 2009 ), selection based on the inertia would mimic the observed spectra with varying detection limits based on mode amplitudes. This selection is illustrated in Fig. 9 for Model 2 for a case with 5 radial orders. The results for the four different choices of the mode set, in decreasing order of inertia cutoffs are shown by the histograms in the figure. When the full set of modes is used, there is only one dominant peak in the histogram, very close to the actual value of ∆Π1,g (middle left panel of Fig. 9 ). This is because the presence of the gdominated modes forming the vertical ridge in the period echelle diagram have a large influence in constraining the ∆Π1,g. However, for the same reason, in some realisations, when a few of these crucial frequencies are perturbed significantly from their true values, they influence the estimate of ∆Π1,g strongly and alternative values of ∆Π1,g are found. These appear as smaller peaks in the histogram. When an inertia cutoff is applied so that the most g-dominated modes are omitted, the estimation of ∆Π1,g becomes less stable and a secondary peak at a lower value is found, although the median value still lies very close to the actual value. However, on further lowering the inertia cutoff, the value of ∆Π1,g actually stabilises again. This is because the vertical ridge is now mainly determined by the two dipole modes closest to the radial mode in each order and the condition for symmetric distribution of the p-dominated modes becomes more important to find ∆Π1,g.
For each of these artificially created samples of modes containing radial and dipole modes we have considered four to six different values for the uncertainty in the frequencies. Throughout this exercise, we have considered uniform uncertainties in all the mode frequencies. Thus for each of the three models, we have carried out the Monte Carlo exercise for nearly 60 different data sets.
The uncertainties in ∆Π1,g for different levels of uncertainties in frequencies for the three models and the three observed Kepler red giants are given in Tables A1-A4 . As an illustration of the exercise, in Fig. 10 we show the histograms for the ∆Π1,g values found by GPS for different datasets constructed from the theoretical frequencies of Model 2, as described above.
For each of the mode sets described above for the three models, we applied GPS after perturbing the frequencies with random uncertainties corresponding to normal distributions with widths of 0.001, 0.005, 0.010, 0.050 and 0.100 µHz. The results for the three models show similar trends for uncertainty in ∆Π1,g. For the full set of frequencies the large number of g-dominated modes ensures that ∆Π1,g is estimated to be very close to the asymptotic value for small frequency uncertainties. For the smallest frequency uncertainty of 0.001 µHz, typically almost all the realisations produce a unique value of ∆Π1,g. However, as the uncertainty in frequencies increases, the probability of obtaining the correct value of ∆Π1,g decreases, which is manifested in the appearance of multiple peaks in the histogram of ∆Π1,g values. For the cases where we choose fewer number of modes, namely, only those with lower inertia, the probability of obtaining a value close to the correct value decreases with decreasing number of modes, before again increasing for the cases with the least number of modes. A closer inspection of the situation reveals that the apparent decrease of the probability of the correct value being obtained is due to appearance of a few values very close to the correct one but different by more than one bin in the histogram. If one would choose a larger binwidth of the histogram of ∆Π1,g, one would regain the correct value with a larger uncertainty, although not all values within the range quoted by the 1σ uncertainties would be actually permissible. Finally, the increase in probability of finding the correct value of ∆Π1,g with fewer modes is essentially due to the comparatively larger effect of the p-dominated modes in constraining ∆Π1,g through the symmetrical distribution criterion, as compared to the determination of the vertical ridge from the g-dominated modes. However, if the number of modes per band falls below three, the determination of ∆Π1,g becomes unreliable even at small frequency uncertainties (see Tables A1-A3) .
Although the trend of the uncertainties in ∆Π1,g with increasing frequency uncertainties is broadly similar in the three models, there are clear differences in the details. In general, the most stable determination of ∆Π1,g happens for Model 1, which is the youngest among the three models. For this model, the density of g-modes is least, and one can reliably estimate ∆Π1,g even at frequency uncertainties up to 0.100 µHz in several cases. For Model 2, ∆Π1,g is correctly estimated up to frequency uncertainties of 0.050 µHz, while for Model 3 GPS fails to find a reliable value of ∆Π1,g even at frequency uncertainties of 0.010 µHz in some cases. The reason behind this behaviour can be understood in the following way. The coupling between the modes trapped in the envelope and those in the core decreases as the star evolves up the red-giant branch. This implies that the number of dipole modes with low inertia decreases with age (Dupret et al. 2009 ).
For the method used by GPS, a stronger coupling is beneficial for the determination of ∆Π1,g. In case of stronger coupling the transition from p-dominated modes in one band to p-dominated modes in the next band through the gdominated dipole modes around the location of a radial mode is less steep, i.e. the g-dominated modes cover a larger range of inertia. In GPS the determination of ∆Π1,g depends crucially on the mixed dipole modes closest to the radial mode at the boundary of a band through the weighing factors in Eq. (6). In more evolved models with weaker coupling (e.g., Model 3), small perturbations in the dipole frequencies closest to the radial modes have large impact on the determination of ∆Π1,g thanks to the steep slope originating from the weak coupling. On the other hand, when fewer modes are chosen based on mode inertia the dipole modes closest to the radial modes are separated by too large a frequency interval, again providing difficulties for GPS to determine ∆Π1,g reliably. In cases with stronger coupling (e.g., Model 1) the less steep transition of the p-dominated regions reduces the influence of small perturbations in the dipole frequencies, thus providing a more robust determination of ∆Π1,g. In this case, GPS works even for relatively higher frequency uncertainties.
In the cases of the three observed Kepler stars we examine the results of the Monte Carlo exercise with up to five times the nominal 1σ uncertainty in the frequencies (= 0.022 µHz) determined from the peakbagging exercise. These results are shown in Table A4 . We find that for KIC 10200377 even when the uncertainty in the frequencies is increased up to 5σ, we obtain values consistent with ∆Π1,g = 81.54
+0.06
−0.04 s, as found with the 1σ uncertainties, albeit with decreasing probabilities. This is consistent with the trend shown by Model 1, which has a very similar ∆Π1,g value as this star. For the star KIC 9145955 which is located higher in the red-giant branch, the results remain consistent up to 2σ uncertainties in frequencies. In this case, a secondary peak at 77.72 s, which is only 0.7 s seconds away from the highest peak, is found even at small frequency perturbations. In the case of the further evolved star KIC 5866737, GPS is unable to determine ∆Π1,g at all when the frequency uncertainties are beyond 3σ. The last two cases are similar in behaviour to Models 2 and 3, respectively.
In general, we find that when the sum of the probabilities of the three highest peaks in the histogram is less than around 75%, the value of ∆Π1,g determined by GPS is not very reliable. In such cases, we essentially have a number of closely spaced distinct values of ∆Π1,g which have comparable probabilities. In many cases it might be possible to quote a median value of ∆Π1,g if we use a larger binwidth, leading to a larger uncertainty value. Table A2 .
Iteration between peakbagging and GPS
Peakbagging is the craft of finding, identifying and fitting oscillation modes in a Fourier power spectrum of an oscillating star. To find real oscillation signal, statistical tests are often applied (e.g. Hekker et al. 2010; Appourchaux 2014, and references therein) . These statistical tests essentially provide a probability of a feature being due to noise or signal. Depending on the threshold used, this implies that a fraction of the features selected to be signal can actually be due to noise, and the other way around; features that are actual signal are not selected. Missing information is often less harmful than wrong information and hence making sure that all signal features are indeed due to genuine stellar oscillations has priority. However, a larger number of observed oscillation modes could provide additional information and constraints, required to draw inferences.
When the oscillation signals have been detected, they need to be identified in terms of radial order, spherical degree and azimuthal order. Methods such as the universal pattern (Mosser et al. 2011 (Mosser et al. , 2012a are developed for this purpose. Additionally, for solar-like oscillations accurate frequencies, mode widths and heights with uncertainties can be obtained from Lorentzian fits to the oscillation signals in the Fourier power spectrum. This information is of importance when using the oscillation modes to compute intrinsic stellar properties and infer the internal stellar structure of a star. For GPS the frequencies and mode degree are the most important observational inputs to compute the period spacing. We note here that GPS can, in principle, work for any azimuthal order (m) as long as the azimuthal order is the same for all modes. Here it is, however, always applied to modes with m = 0.
In case GPS cannot constrain the period spacing it is possible to identify features in the Fourier power spectrum that do not conform to the expectations. For these features visual checks are performed in the Fourier power spectrum to gauge whether the feature is a genuine oscillation mode, its identification is correct (in this way we can for instance identify a mode with a different azimuthal order) and/or if the frequency is accurately determined. In this way it is possible to iterate between peakbagging and GPS to make sure that correctly identified true signals are used for the determination of the period spacing.
An example of this iteration process is shown in Fig. 11 where both the Fourier power spectrum of KIC 9145955 and the corresponding period echelle diagrams are shown. The blue and red dots in the Fourier power spectrum (top panel of Fig. 11 ) indicate the initially detected l = 1 modes. These frequencies did not provide a proper period echelle diagram (bottom left panel of Fig. 11 ). Using the information of the problematic frequencies and the computed approximate period spacing we have been able to optimise the detection and identification of the l = 1 modes. In this way we discarded incorrectly identified features of the power spectrum and identified more modes over a wider frequency range (red dots in top panel and right bottom panel of Fig. 11 ), which allowed GPS to determine the period spacing of KIC 9145955 to be 76.98 ± 0.03 s.
CONCLUSION
We have devised a new method (GPS, g-mode period spacing finder) to estimate the period spacing of g-modes in redgiant stars. Such modes can usually not be detected in the observed Fourier spectrum of a red giant because of their low amplitudes. However, the period spacing of these modes is related to the conditions in the core, specifically, the buoyancy frequency. Therefore, if one is able to determine the g-mode period spacing from the observed modes, it may be used as a strong constraint in finding a suitable model for a star. The automated method devised here is based on the period echelle diagram and essentially seeks the period spacing for which a vertical alignment of the gravity-dominated modes is present as well as a symmetric distribution of the pressure-dominated modes. The method has been extensively tested on model frequencies. For each model different sets of frequencies have been selected based on their inertia, different frequency ranges have been taken and different (uniform) uncertainties on the frequencies have been tested in a Monte Carlo approach. This shows that often more than one period spacing provides a possible answer. These period spacing values are distinct with ranges without possible solutions separating them. Therefore, we provide the three most probable period spacings for each investigated case (both models and observations) with their probability and uncertainty. For both the models and observations we obtain period spacings with high probability when the uncertainties on the frequencies are in the range 0.01-0.05 µHz or below. In case of the models these are indeed consistent with the asymptotic period spacings.
Although, GPS is only applied to red-giant branch models and stars in this work, it has already been applied successfully to a red-clump star by Silva Aguirre et al. (2014) . The potential of GPS for red-clump stars will be explored more extensively elsewhere.
Finally, GPS has significant potential once the extraction of mixed modes of large numbers of stars is possible. First attempts for this are already present such as the work by Stello et al. (2013) and Mosser et al. (2012a) . However, determinations of accurate individual frequencies for a large number of stars are currently not available and hence such analysis is beyond the scope of this paper. Work to develop tools to get these accurate individual frequencies is underway and application of GPS to such a large sample will be published in forthcoming publications. 
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